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Abstract 

We study the linearization stability of the Einstein constraint equa- 
tions on an asymptotically hyperbolic manifold. In particular we prove 
that these equations are linearization stable in the neighborhood of vac- 
uum solutions for a non-positive cosmological constant and of Friedman- 
Lemaitre-Robertson-Walker spaces in a certain range of decays. We also 
prove that this result is no longer true for faster decays. The construction 
of the counterexamples is based on a new construction of TT-tensors on 
the Euclidean space and on positive energy theorems. 
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1 Introduction 



General Relativity describes space-time as a manifold Ai"*^ endowed with a 
Lorentzian metric 5, that is to say a symmetric 2-tensor with signature (- + 
+•••+), satisfying the Einstein's equations: 

Stt^ 

Gf,^ + Ac5^^ = -^T^u, (1-1) 

where G^i/ = Tiic^i,- ^^'g^iy is the Einstein tensor of 'g, Ac is the cosmological 
constant, Q is Newton's constant, c is the speed of Hght and T^^^ is the stress- 
energy tensor of the matter. We refer the reader to any good reference textbook 
for more details (e.g. [Walj or |HEj ). These equations form an intricate system of 
non-linear partial differential equations and only few exact solutions are known. 
One is then lead to study perturbative solutions of the Einstein equations, that 
is to say solutions {M,g') of the Einstein equations close to exact solution 
{M.,g). This issue is generally addressed by studying the Einstein equations 
linearized at {M. ,'g,T): 

DGgidg) = ^6f, (1.2) 

where DG is the linearized Einstein operator, Sg = 1)' -g and ST = T' - T. As 
an example, this method is useful for the study of gravitational waves (see e.g. 
[Walj section 4.4]). It is then an important issue to know if all these approxi- 
mate solutions of the Einstein equations can be converted into true solutions, 
i.e. given Sg and 5T satisfying the linearized Einstein equations l|1.2p . does 
there exist a one-parameter pair (5'(A),T(A)) solution of the Einstein equation 
l|l.ip such that g{X) = g+X5'g+o{X) and T{X) = T+X6T+o{X) for a certain norm? 

If the space-time (A^,g) is globally hyperbolic, this question is usually tack- 
led in the following way. First remark that if M c is a Cauchy surface then 
6'g and ST induce solutions of the linearized constraint equations on M. Then 
prove that the constraint equations are linearization stable (in a sense similar 
to the previous one, see definition 13. ll for the precise statement). This problem 
turns out to be easier because it is elliptic. Finally prove that the solutions of 
the Einstein equations depends smoothly on the Cauchy data (see e.g. |FROO) ). 

This method was used to study the linearization stability of the vacuum 
Einstein equations when the space-time admits a compact Cauchy surface (see 
e.g. |FM73j . |Mon75| [MonTe] and |AM79j ) or an asymptotically Euclidean one 
|CBD73|ICBFM77] . Linearization stability of the Einstein equations coupled to 
matter has been addressed, among other, in the case of scalar-tensor theories 
in |SJ8H ISJ82) and of Friedmann-Lemaitre-Robertson- Walker (FLRW) models 
(see |HE| sections 5.3 and 5.4] or \Wal\ section 5] for the description of these 
models) in |BG99a[ [BG99bl IBGQSj . 
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We extend results on linearization stability of the constraint equations to 
asymptotically hyperbolic Cauchy surfaces for vacuum space-times (Proposi- 
tion 13. Sp and FLRW models (Proposition 13. 9p . We prove that the constraint 
equations are Hnearization-stable in a certain weight interval (see Theorem 13.71 
for the precise statment). We give counterexamples in Proposition 13.111 show- 
ing that the constraint equations are not garanteed to be linearization-stable 
for faster decay. We also apply the same procedure to the asymptotically Eu- 
clidean case in Proposition 13.121 The construction of these counterexamples 
rehes on positive energy theorems for asymptotically anti-de Sitter |Mae06j and 
asymptotically fiat [CM06] space-times and on a new construction of compactly 
supported TT-tensors (Proposition 13. 10]) . 

Starting from a pair (Ai,])) and a Cauchy surface M c M., we denote g 
the metric induced on M by g and K the second fundamental form of the 
embedding M c M: let iV be the future pointing unit normal vector to M 
and define (locally) the geodesic fiow generated by N. This induces a time 
coordinate t which is zero on M and whose gradient is -TV. Our convention for 
the second fundamental form is then the following: 

K^J=^^tg^,=V^N,, (1.3) 

where i,k,... correspond to spatial coordinates. The constraint equations 
then read: 

Scalg - 2Ac - + (trg A')^ = 2p (Hamiltonian constraint) (1.4) 

diYgK - d{trg K) = -Ji (Momentum constraint) (1.5) 

where (divgK). = W'K^■i, p = ^Tnn and J^ = ^Tn-,. We refer the reader to 
|BI04i | or jGicQS] for more details. 

We shall denote <& the constraint operator : 

If the pair {g,K) in the neighborhood of which we are willing to study the 
Hnearization stability of the constraint equations is not in the functional space 
we are considering (which will be the case for function spaces in which the 
variations of the metric tends to at infinity) , we have to consider affine spaces 
so it is convenient to introduce the following renormalized constraint operator: 

■■ {Sg, SK) ^ $(5 + 6g,K + 5K) - $(g, K) . (1.7) 

This paper is organized as follows. In Section [21 we introduce the class of 
asymptotically hyperbolic manifolds together with the functional spaces nat- 
urally attached to them. In Section O we first give the precise definition of 
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linearization stability (Subsection 13. ip . Then we give conditions for the differ- 
entiability of the constraint operator in Subsection 13.21 We state and prove our 
main theorem (Theorem 13. 7p in Subsection 13.31 In Subsection 13.41 we give two 
examples of spaces that are Hnearization stable (Propositions 13.81 and 13. 9p . Fi- 
nally, we give simple counterexamples of Hnearization instability in Subsection 
[331 

Acknowledgments. I am grateful to Gilles Carron and Erwann Delay for useful 
discussions and support. I also thank Piotr Chrusciel and Daniel Maerten for 
useful references. 

2 Asymptotically hyperbolic manifolds 

2.1 Definition 

Let M be a smooth compact manifold with boundary dM. We denote M the 
interior of M. A defining function for dM is a smooth function p : M ^ [0; oo) 
such that p"^(0) = dM and dp + Q along dM. A Riemannian metric g on M 
is called C'''^-conformally compact if p^g extends to a C'''^ metric 'g on M. 
A simple calculation proves that if g is C'-^'-conformally compact with I + f3 >2 
then the sectional curvature of g tends to in a neighborhood of dM. As a 

consequence, g is said asymptotically hyperbolic if g is conformally compact 
and such that |c?p|| = 1 along dM. 

2.2 Function spaces 

Fix a geometric tensor bundle (i.e. associated to the principal S'O(M)-bundle) 
E on M. Let fc > be an integer and < a < 1. We first define the (non 
weighted) Sobolev space Wq'^{M,E) as the set of sections u e of E such 
that V j 6 {0, •", k}, V^^^u € endowed with the norm: 

We also define the weighted Sobolev space Ws'P{M,E) = p^Wq'^{M,E) 
together with the norm: ll'"llvi/'='J'(Af _e) ~ ^P^^'^^w'''^(m e)- shall denote 

Then we define weighted Holder spaces. Choose a finite number of charts 
(j) = {p,9^ ,■■■,6"'^^) in the neighborhood of dM such that the reunion of their 
domain of definition covers dM. Add another finite set of charts defined on 
relatively compact domains to cover the whole of M. Denote H" the upper 
half-space model of the hyperbolic space : {{xi, . . . ,a:„) e ]R"|xi > 0} endowed 
with the metric ghyp = -^geuci- Define Br the ball of radius r centered at 

(1,0, --^O) in H with the hyperbolic metric. If M 3 po = (l)'^{po,6l---,6o'^) is 
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the reciprocal image for one of the given charts, define the (radius r-) Mobius 
chart at pq by : 



,;M.(gM.^M^,... /-'W , 

V Po Po Po I 

^Po • {^K,y (-^'0 ^ The Holder norm is defined by : 

The space C^'"(A/, E) is the set of sections u e C^^^ such that : 

For more details about these function spaces, we refer the reader to |Lee06) . 
An important remark is that, unlike the asymptotically Euclidean case (see e.g. 
tBar86j), there is no gain of decay in the Sobolev injections. We give a simple 
example of this fact : There is no continuous injection Wg'^{M,M.) ^ L^,(M, M) 
for any S' > S. Indeed, let AI,g be any AH manifold. Choose a smooth com- 
pactly supported function / : i?i ^ R. Select a sequence of Mobius balls Bi 
tending to infinity, set fi = f ° where is the chart associated to Bi and 
extend / by zero outside Bi . It can be easily seen that the sequence of functions 
^ is bounded in Wg'P{M,R) but diverges in L^,(M,M) if 5' > S. 

We remark the following proposition whose proof is similar to |Ada75[ The- 
orem 5.23]: 

Proposition 2.1. Let {M",g) be a C'''^ -asymptotically hyperbolic manifold with 
I + (3 > 2, 1 > k > I an integer, and 1 < p < oo a real number such that kp > n. 
The Wq''^{M,R.) space is a Banach algebra. The spaces Wg'^{M, V), for V any 
geometric bundle over M are W^'P{M,R) -modules and the map X 
Wg'P{M,V) ^ Wg'''{M,V) is continuous. 

This propositions generaHzes to the spaces Wg'^{M,R) for S > 0: the map 
T^*'P(A/,R) X Wg;''{M, V) ^ Wgfg,{M, V) is bilinear continuous. In particular, 
the spaces Wg'^{M,M.) are Banach algebras (without identity) for 5 > 0. The 
previous counter-example proves that this property is no longer true when S <0. 
This makes Sobolev spaces not suited to the study of non-linear problems on 
asymptotically hyperbolic manifolds because it is not possible to obtain the 
full expected weight range (as an example, one would expect naively that the 
condition 5 < Sq for Holder spaces transforms into 6 + < Sq for Sobolev 
spaces as it is the case for Hnear equations). We give another example: ii g is an 
asymptotically hyperbolic metric, the set of positive definite metrics is an open 
subset of the affine space g + only ii 5 > 0. However, it is possible to get 

these properties back by restricting ourselves to subspaces of Wg'^ . We define 
the W^'^''''" spaces: 



5 



WP'P-''-''{M,V) = WpP{M,V)r\C^-''{M,V). (2.1) 

where < m,k < I + (3 are integers, l<p<oo, 0<q;<1 with k + a < 
I + p. Remark that this intersection makes sense because both these spaces are 
subspaces of L^, for some S' < large enough. We endow this space with the 
norm: 

\\u\\^p,p;k,^^j^j y^ = ||'«|lvF^'".p(M,y) + IWlcg'^iMX) ■ (^■^) 
We first show that these spaces behave well with respect to tensor product: 

Proposition 2.2. Let {M,g) be a C^''^ -asymptotically hyperbolic manifold. The 
space WP'^''''°'{M,V) is a Banach space. If k + a > [yj, with m < I + (3 and 
k+a < l + (3, for all 5 e R, the product map Wp^''^'°'{M, Vi)xW^'^*'''{M, V2) ^ 
is a continuous bilinear map. 

Proof. We first prove that these spaces are Banach spaces. This is a conse- 
quence of the general following fact: if X, Y and Z are three Banach spaces, 
such that X.^Y are vector subspaces of Z, and such that the norms and 
\.\y are stronger than the norms induced on X and by ||.||z, the space X{~\Y 
endowed with the norm ||.||x + |M|y is a Banach space. Indeed if {xi)^^^ is a 
Cauchy sequence in Xr\Y, then it is also a Cauchy sequence in X, Y and Z. 
It admits a limit in all those three spaces. Since the norm on Z is weaker than 
the norms on X and Y , limx Xi = Viruz Xi = limy Xi e X f]Y . 

To prove the second property, we cover M by a countable number of Mobius 
charts (_Bi,$i), with Bi centered at Xi e M, such that there exists an iV < 00 
such that each Bi intersects at most N Bj, j i= i (the existence of such a covering 
is shown in [Lee06] ). We define the following norm: 

M'wp'" = Y,P'\xi) \\{^i)*u\\w^.v(B) 
i 

where the W^'^ norm appearing on the right hand side of this equation is the 
usual norm associated to the Euclidean metric on B. This norm is equiv- 
alent to ll-ll^^.p we defined previously. The subspace C^'^{B) is dense in 

W"^'^{B)r\C'''°'{B). Let a = (ai,...,a„) be an n-uplet of positive integers, 
define \a\ = Y,iCii- If a and h are two n-uplets of positive integers, we say that 
b < a \{ bi < tti for all z = 1, . . . , n. Let u,w e C^'^{B) and a be an n-uplet of 
positive integers such that \a\ < m. One has : 

b<a 
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b<a 



< y Hamuli Wd^-'^vW + y Hamuli wo'^^'^vW 

&<a,|6|<[i|lj fc<a,|fc|>[HJ 
- Il"llc"=-°(B) lkllw""'P(B) + ll^llc^.^CS) II"IIm/™.p(S) ■ 

This proves that 

II"® ^^llM/fc.p(S) - lkllc''-'°(S) Ikiw^.PCS) + lkllc''.°(B) ll"llTy'"'P(B) • 

for some constant C > 0. By density of the functions C'''^(i?), this inequality 
holds for any u,v e nC'''"(i3). As a consequence: 

l|M®?^lllyJ".P(M,yi»y2) = Ep"''(2^0 ll(*0*("®^')lllV'"-P(S) 

* '"llc'=.°(B) 

< C'(ll"llc^'."(Af,yi) lkllw™'P(M,y2) II"IIvk;""P(m,Vi) II^IIcJ:-°(m,V2)) 
ll"®'^lliy;"'''(M,Vi(»v2) - ll"llH7;"'''''='°(M,yi) Il'^llw;"''"'=-°(A/,V2) ' 
for some constant C" > independant of u and w. We also have the inequality: 

\u ® v\(,k.c(^M,Vi(l,V2) - ^" ll'"llco'°(M,Vi) ll^llco'°(M,V2) " ^" H^H W"'''''='°(A/,yi) ll"llw7j"'''''='°(Af,V2) ' 

where C" > is independant of u and v. The Proposition is then obtained by 
adding the two inequalities. □ 

Corollary 2.3. Under the assumptions of Proposition \2^ the map g' i-^ {g')^ 
is well defined and analytic in a neighborhood of g between the following affine 
spaces: 

g + w^^^^*'" ^ g-^ + WpP*'". 

Proof. By raising one index, this amounts to showing that the map 

Id + WpP'''-"{End{TM)) Id+WP'''-''-"{End{TM)) 

which associates to a section of the bundle of endomorphism of the tangent 
bundle its inverse is well defined and analytic in a neighborhood of Id. To prove 
this, we remark that: the space WP'^''^'°'{End{TM)) is a Banach algebra and 
there is a continuous injection VFj"'^'*''" ^ L°° . Indeed if 14^ is a Banach algebra 
which is continuously embedded in L°° , the application Id + u^ (Id + u)^^, with 
u 6 W, is given by: 

{Id + uy^ = Id-u + u^ -u^ + ... 

This series converges in L°° if < 1 and also converges m Id + W if \u\y/ 

is small enough. The injection W ^ begin continuous, the limits of these 
series coincides. This proves the corollary. □ 
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3 Linearization stability 



3.1 Preliminaries on Banach spaces 

In this section, we give the general definition of Unearization stabiUty for a non- 
Hnear function F between two Banach spaces (definition l3.ip and give a practical 
criterion to prove Unearization stability (Proposition l3.3p . The definition we give 
is rather weak but turns out to be sufficient in practice. We refer the reader to 
|Mon75j or |BG99aj for stronger definitions. 

Definition 3.1. Let X and Y be two Banach spaces, U an open subset of X 
and F •■ U Y a continuous map. Let xq e U and denote yo = F{xq). F 
is said linearization stable at xq if F is differentiable at xq and if for any 

6x e X and any Sy eY such that Sy = DFxa{5x), there exist e > and a curve 
X = x{\) 6 X, A € (-e, e) such that: 

F{x) = yo + A^y 

x = xq + XSx + o(A). 

Remarks : 

1. In the definition, we have chosen y = yo + X6y while the definition given 
in the introduction corresponds to y = j/o + XSy + o(A). This is due to 
the fact that constraint equations do not restrict the choice of T along M 
while Einstein's equations imply the conservation of the stress-momentum 
tensor: V'^T^u = (which is a consequence of the motion equations for all 
fields but the gravitational one). 

2. The curve a;(A) is not (locally) unique in general (unless DF^q is an iso- 
morphism). 

Proposition 3.2. Let X and Y be two Banach spaces, U an open subset of X 
and F :U -^Y a continuous map. Let xq eU be such that F is differentiable at 
Xq. If DFx„ is onto and if ker (DF^g) admits a closed complementary subspace 
then F is linearization stable at xq. 

Proof. Let Z he a closed complementary subspace of ker {DFxo) in X. Without 
loss of generality, we can assume that XQ,yo = 0. The map DFo restricted 
to Z is a bicontinuous isomorphism. Let p be the projection onto ker(_DFo) 
with respect to Z. The map F •■ U ^ Y ^ ker(Z?^o)) x i-^ {F{x),p{x)) is 
continuous and differentiable at with DFq : 5x i-^ {DFq{5x),p{5x)). DFq 
is an isomorphism. The Implicit Function Theorem shows that there exists 
neighborhoods Vq of Ox, Vi of Oy and a function F^^ : Vi ^ Vq reciprocal to 
F. Let a::(A) = F^^{DFo{XSx)) . x{X) is the unique solution in Vq of F{x) = 
XSy, p{x) = XSx. By the definition of the differential of F, one has 

x{X) - XSx = F-\DFo{XSx)) - DFo\DFo{XSx)) = o(A). 

□ 
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We give now a simple criterion to prove linearization stability: 

Proposition 3.3. Under the assumptions of Proposition [ST^ if there exists a 
Banach space E and a linear map ip : E ^ X such that DFx„ o tp : E is an 
isomorphism, then F is linearization stable at xo- 

Proof. From Proposition 13. 2^ it is enough to prove that DF^g is onto and that 
ker DFxg admits a closed complementary subspace. It is obvious that DF^g is 
onto and that luKp ® ker DF^a = X . There is only to prove that luiip is closed 
in X. There exists a constant C > such that e E \\x\\ < C\\(p{x)\\. Indeed, 
there exists C" > such that \\x\\ < C'\\DF^g{ip{x))\\ so \\x\\ < C \\DF^J \\(p{x)\\. 
This proves that ip : E ->■ Imip is a bicontinuous morphism. In particular limp 
is complete for the norm [|.t|x and so it is closed. □ 

Remark in particular that the linearization stability issue is closely related 
to the study of the manifold structure of the set of solutions of the constraint 
equations. This problem is studied in |CD04j . 



3.2 DifFerentiability of the constraint equations 



Proposition 3.4 (Differentiability of the constraint operator). Let {M,g) be 
a C'^'^ -asymptotically hyperbolic manifold, with I + j3 > 2, and K a symmetric 
2-tensor, then the renormalized constraint operator 

: {Sg,SK) ^ ^g+Sg,K+SK)-'l>{g,K) = {2p{g+5g)-2p{g),-.h{g+5g) + Ug)) 

is well defined in a neighborhood of (0,0) and is differentiable at (0,0) seen as 
an operator between the following spaces: 



pm+2,a pm+l^a 



'm+2,p;k+2,a 



X w> 



tm.a 



X w, 



m+l,p;k+l,a. 



m.p;k,a. 



X W; 



m.p;k,a 



if S>0 and m + 2 + a<l + P 
if S > 0, n < mp and m + 2 < I + (3 
ifm<l + l3 and [ <k + a<l + (3, 
for all 5 € R. 



The linearized constraint operator at {g,K) is then given by: 



p{h,k) 



I 



-A (trg h) + VpVqhP'^ - TlicP'^hpq - 2KPikpg 

+ 2g'^lgP1g"-KkpKguKg + 2 {tVg K) gP" {kpg - hp^g^'Klg) 



{irgk)-hP'iVpK,q + ii^P«V^_/lpq + hP'iy^K, 



\gP'i [2v'=/ifep-Vp(trg;i)]if„ 



/ 

(3.1) 

where we set h = 6g and k = SK the variations of the metric and of the second 
fundamental form. 

Proof. The proof is the same for all three cases. For Holder we also refer the 
reader to |CD03| . We show the differentiability of the contraint map between the 
W spaces. We will just prove the differentiability of the map 6g i-^ Scalg+5g - 
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Scalg, the proof for the other terms appearing in the definition of being 
similar. Denote g' = g + 5g. The difference between the Levi-Civita connexions 
associated to g and to g' is a tensor: 

v' = v + r, 

where the expression of F is identical to the usual expression of the Christoffel 
symbols (for the metric g') except that the partial derivatives are replaced by 
covariant derivatives (with respect to g). The (1, 3) Riemann tensor associated 
to g' can then be written formally: 

TZg> = TZg + vr-\/T + r*r-T*r. 

In particular, the scalar curvature of g' is 

ScaV = {g'y^ * TeiCg + {g'y^ * {VT -VT + T *T -T *T) . 

The differentiability of g' i-^ Scalg' is then a simple consequence of the stability 
with respect to tensor product of the spaces 

^m,p;fc,a (proposition EJ) which 
implies that the product of two differentiable maps is differentiable and of its 
corollary [231 (differentiability of the inverse of the metric). □ 

3.3 Linearization stability of the constraint equations 

Let (M, g) be a C^'^'-asymptoticaly hyperbolic manifold. Let to > 0, a e [0; 1) 
be such that m + 2 + a<l + p. Define h = ug and m = C^g + auK + j3u {ixg K) g. 
\{ K e C™^^'", the map 

is a linear map between the following spaces: 



5 5 5 5 

Wg X ''^ ^ Wg ^ X Wg ^ 

^^771+2 .p;k+2 .a ^ '^^m+2 ,p;k+2 ,a _^ ^^^m+2,p;/c+2,Q ^ ^^^m+l,p;fc+l,Q 
5 5 5 5 

Composition with the linearized constraint operator ip l|3.ip leads to: 



-A (trg h) + VpVqhPi - TZicP'^hpq - 2KP''kpg 
+2g'''gPig^-KkpKguKg + 2 (tr^ K) gP" {kpg - hpkg'^'Kig) 

- V, (trg k) - hP1ypK,g + iKP'ly.hpg + hP^V.Kpg 

-\gP'i[2\j''hup-\Jp{trgh)\K,q / 
-{n - 1) Au - Seal u + 2 \K\l u-2 (tr^ Kfu-2 (RP'^ - (tr^ K) gP") kpg \ 

V'hj - Vi (trg k) - uV^K^j + \ (trg K) V^it + wVj (trg K) + ^KijV^u , 
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-{n - 1) Aw - Seal u + 2 \Kf u-2 {tig Kf u 
-2 [{K, C^g) + au(\K\l - (tr^ xf) - (n - l)Pu (tr^ xf] 

ATT^i + {a- l)u ( V^i^y - Vi (trg K)) + a [K.^y^u - (tig K) y,u] 
\ -{n-l)P[uV,{ti-gK) + {trgK)V,u] + l{trgK)ViU + ^K,jV^u J 



Choosing a ■ 



n-2 



and /3 = i we obtain: 



ug 



C^g-^uK+\u{tVgK)g 



(3.2) 



and 



' -(n - 1) Au - Seal u + n {\K\l - (tr^ Kf^u+{n-l)u (trg Kf -2 (K, C^g) 

^TT^^ - f U (V^if^, " V^ (tfg K)) - r {tr g K) 

I -{n-l)Au-Sc&\u + n\L\lu-2{L,t^g) \ 



Att^^ + ^u.h - ^uM, (trg A') 



(3.3) 



/ 



where L = K is, the traceless part of the second fundamental form K, Ji = 
V, (trg K) - V^K.j and AttC* = div {t^g) .^ = A^, + V,^j - f (V^Cj)- 

We give the following theorem which is a corollary of the proof of |GicQ8t 
Theorem 1.3]: 

Lemma 3.5 (Isomorphism Theorem for Att)- Let{M,g) be a C''''^ -asymptotically 
hyperbolic manifold with I + (3 >2. The linear map Att is an isomorphism be- 
tween the following spaces: 



ifm + 2 + a<l + (3 and 5 e (-1, n) 



i/ m + 2 < / + /3 and 15 + 2-i - «-i < nil. 



Lemma 3.6 (Isomorphism Theorem for the linearized Hamiltonian constraint). 
Let {M,g) be a C'''^ -asymptotically hyperbolic manifold and L be a symmetric 
traceless 2-tensor such that \Lf e C^;" for a certain S' > 0. // the operator 

P : u 1-^ -{n - 1) Am - Seal u + n \Lf u 
has a trivial -kernel, then it is an isomorphism between the following spaces: 



W: 



ifSe(-l,n) andLeC^ 



■m,a 




w".p if\S+n^-n-l\<n±l and Lea 



rn.O 

a ■ 
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Remark : This isomorphism Theorem is vaHd for Sobolev spaces assuming 
only that \L\ ^ at infinity. 

Proof. This theorem cannot be proved by using |Lee06l Theorem C] because 
this Theorem only applies to geometric operators (see also [AC96]). Even if 
it is possible to modify the proof of this Theorem, we give another one which 
uses |Lee06[ Theorem C] without modification. We deal only with Sobolev 
spaces. The proof for Holder spaces is similar (but slightly more complicated). 
Assume first that m = 0. Define Pq •■ u i-^ -{n - 1) Am - Seal u. Pq is a formally 
selfadjoint geometric operator. A straightforward calculation shows that the 
critical exponents of Pq are s = -1 and s = n. Let pe (1, oo) and S be such that 
|j _^ «_i _ H_i I ^ Hli [Leenfil Theorem C], the operator 

is Fredholm with zero index. Let ip : [0, oo) ^ R be a cut-off function such that 
tpix) = 1 when < x < 1 and ^{x) = when x>2. Let e > 0, define the operator 
Pe ■■ Wg''' ^ PP by P,{u) = -{n-l)Au-Scalu + n\Lf^p{j)u. As \Lf ^ at 
infinity, the operators Pe converge to Pq as operators from Wg''' to L^. If e is 
small enough, the operator P^ is Fredholm with index 0. If S' < S, there exists 
a constant C > such that: 

\\u\\^2.. < c(||Pe(u)||„ + 11^.11^. ) ^ueW^'^. 

Indeed, ifFcWg''' is a complementary subspace to kerP^, the norm ||Pe(.) ||^p + 
||.||^p is comparable on F with ||.||^2,p and, kerPg being finite dimensional, the 

norm ||.||^p is comparable to ||.||^2,p on kerP,. Finally, P = P^+n \Lf (l - ?A (^)) 
so 

<c(||p,(^.)||^p + hll^p V 

TP \ S 5'/ 

because n|P|^ has a compact supprt (C is a constant that depends 

only on M,g,p,d and 6' and can vary from line to line). We have proven: 

||u||^.,P <c(\\P{u)\\^p + IImII^p ) ^ueW^'P. 

A proof similar to the one done in |Gic08j shows that the kernel of P coincides 
with the kernel of P : Wq'^ Lq and that if this kernel is reduced to {0}, then 
P : Wg'^ is an isomorphism. The Lemma is then proved for m > by 

applying elliptic regularity in Mobius charts (see e.g. [LeeOfi] ). □ 



\\P{u)hp<\\Pe{u)\\^P + 



n\L\ 
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We can now state the main result of this article: 

Theorem 3.7 (Linearization stability of the constraint operator). Let (M, g, K) 

be a triple such that {M,g) is a C'^'^ -asymptotically hyperbolic manifold with 
I + 13>2 and K a symmetric 2-tensor, then, assuming that 

1. trgK is constant on M, 

2. J, = V. (tig K) - ViK,j = 0, 

3. L 6 Cg"'^" with \L\^ 6 C^," for some S' > 0, 

4- the kernel of the operator P : -(n- 1) Au-Scal u + n\Lf' u is trivial, 

then the constraint operator <i>r is linearization stable at {M, g, K) between the 
following spaces: 

• ifO<S<n and m + 2 + a<l + P, 

• if5>0,\6+'-^-^\<^, n<{m + 2)p etm + 2<l 

• for any S such that |(5 + - < if n < mp, m + 2 < I + (3 and 

[^\<k + a<l + 13 

Wg ^ ' xWg ^' ^ Wg ^ ' xWg ' . 

Proof. The spaces appearing in the Theorem are such that the constraint op- 
erator $ is differentiable at {g,K). Thus, by Proposition 13. 3^ it is enough to 
prove that the composition o / is an isomorphism. Under the assumption of 
the Theorem, the composition 95 o / is given by: 



-{n - l)Au- Seal u + n\L\^gU- 2 {L,C^g) \ 
This is a differential operator between the following spaces: 

I W^™+2,p ^ ^™+2,p ^ ^r„,p ^ p^m,p if 1^ + n_l _ ri_l I ^ nil ^ 

if L € C^'". By solving first the second line of: 



^ -SJi J 



(3.4) 
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using Lemma then the first line using Lemma [3^ we prove that the op- 
erator vjo/ is an isomorphism is an isomorphism between the spaces mentionned 
earlier. This proves linearization stability for Holder and Sobolev spaces. In or- 
der to treat the mixed case, remark that, if K e C™'", is a continuous linear 
map between the following spaces: 

f • yif^'^'^-P''^'^'^-'^ X Vt/^'^'^-P'^^'^'^-'^ _^ TT7"^+2,p;/i:+2,a ^ pf^m+l,p;fc+l,a 
•f ' <) S (5 (5 ' 



and if : 

As a consequence, the composition 



r ' s s 5 5 ' 



£ Tj rrn-i-2,p:k+2,a tj Tm+2,p:k+2,a -fTrm,p\k,a jjTm,p:k,a 

is an isomorphism. Indeed, it is obvious that o / is injective. We prove 
that it is also surjective. Let {26p,-6Ji) e x lyp-P^'''"' _ There exists 

solutions s Wp^'^''^ x W^^"^''^ and (^2,^2) e Cq^^'" x Cq^^'" to equation 

ijOl) . Choosing 5' < 5 such that -l<(5'+^<0 close enough to -1, the 
solution to ^ is unique in W^^ and vyT'+^.p (^fc+2,a ^ ^2,p (y^^^^) = 
{u2,£,2) s y^™+'^-pM'^-a ^ ^m+2,p,fe+2,Q^ This proves linearization stability for 
the W spaces. □ 

3.4 Examples of applications of Theorem 13.71 

In this section, we give two classes of spaces that are linearization stable. 

Proposition 3.8 (Linearization stability of vacuum spaces). Let {M,g,K) be 
Cauchy data where {M,g) is a C'''^ -asymptotically hyperbolic manifold and K a 
symetric 2-tensor on M such that: 

1. tTgK is constant on M, 

2. {M,g,K) satisfies the vaccum constraint equations: p = and Ji = 0, with 
(l-i)(trgX)'-2A, = n(n-l), 

3. \L\^ € C^;" for some 5' > 0, 

then the constraint equations are linearization stable at {M,g,K) in the sense 
of Theorem\33 

Proof. It is enough to prove that the operator P ■■ui-* -(n-1) Aw-Scal u+n \L\g u 
has trivial L^-kernel. The vacuum Hamiltonian constraint reads 

Seal - 2 Ac + {tTg Kf - \K\l = 

so 



Seal = 2Ac - (tig xf + \K\l = 2A, " (l " ^) (tig Kf + \L\ 
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-Seal + n \L\l = n{n - 1) + (n - 1) \L\l > n{n - 1). 
If u is an element of the L^-kernel of P, this implies : 

0= f u{Pu)> f (\Vu\l + n{n-l)u'^) . 
Jai Jai \ 3 J 

So this proves that 

[ u^ = 0. 

JM 

Finally u = 0. □ 

Remark that this case encompasses the hyperboHc sections of the Minkowski 
space-time (Ac = and trgif = ±1) and natural sections of the anti-de Sitter 
space-time (see e.g. [HEj ou |Wol84) for the definition of this space-time). How- 
ever, the anti-de Sitter space-time is not globally hyperbolic so, in the case 
Ac < 0, we only obtain the linearization stability of the Cauchy development of 
M. The second application of Theorem 13.71 extends the corresponding result in 
|BG05| proof of Theorem 1] : 

Proposition 3.9 (Linearization stability of the Friedmann-Lemaitre-Robert- 
son- Walker space-times) . Let{M,g,K) be a C'^'^ -asymptotically hyperbolic man- 
ifold such that: 

1. The energy density p is constant on M : p = po and Ji = 0, 

2. L = K = 0, 

3. Scal= -n(n- 1). 

then the constraint equations are linearization stable at {M,g,K) in the sense 
of Theorem\33 

This Proposition includes natural spatial sections of the Friedmann-Lemaitre- 
Robertson- Walker spaces with K = -1 (i.e. whose induced metric corresponds 
up to rescaling to the hyperboHc metric). The condition that trgK is constant 
does not appears in the proposition being a direct consequence of L = and 
Jj = by the momentum constraint. The proof is similar to the proof of the 
previous proposition. 

3.5 Counterexamples 

In this section, we give examples proving that the constraint equations are not 
Hnearization stable outside the weight interval. We begin by giving a construc- 
tion of compactly supported TT-tensors on E": 

Proposition 3.10. Let ^l c M" be a non-empty relatively compact open subset. 
There exists a non trivial compactly supported TT-tensor on Q,. 
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If = B" the open unit ball of R", using the conformal transformation 
formula for TT-tensors (see e.g. |Gic08[ Proposition 4.1]), one can construct 
non-zero compactly supported TT-tensors on the hyperbolic space H". Before 
giving the proof of this Proposition, we give two examples of instability of the 
constraint equations outside the weight interval: 

Proposition 3.11 (Instability of the constraint equations outside the regularity 
interval on the anti-de Sitter space). Let 5 > n. The constraint map $r is 
not linearization stable at {IP,b,K = 0), where b is the hyperbolic metric, for 
Ac = - "^'2 > when seen as a map between the following spaces: 

p2.Q p\fi ^0,0 ^0,0 

Proof. Let hhe a, non-zero compactly supported TT-tensor on H" . It is easy to 
see that {h, fc = 0) is a solution of the linearized constraint equations (p{h, k) = 
(0,0) for K = 0, p = 0, J = and Ac = - "^'^ . Assume that there exists one- 
parameter families g{\) and K{X) satisfying the vacuum constraint equations 
such that 5(A) - 6 6 C|'" (where b is the hyperbolic metric), K{X)-0 e C^'" with 
g{X) = b+Xk+o{X) and K{X) = o(A). If 5(A) is a one-parameter family of metrics 
such that g{0) = b and ^(0) = h then ^ (72.iCg(A) + {n-l)g{X)) {X = 0) + 0. 
Indeed, if this variation was zero, the following elliptic equation for h would 
hold: 

-^ALh + {n-l)h = 0, 

where is the Lichnerowicz Laplacian (see e.g. |Lee06j ). However this equa- 
tion cannot admit any compactly supported solution h (this is a consequence of 
the estimate |Lee06| Lemma 7.13]). It can also be easily seen that the energy 
and the momentum of {g{X),K{X)) are zero so using |Mae06[ Theorem 1.4], 
the {g{X), K{X)) are hypersurfaces in the anti-de Sitter space. In particular, 
the Gauss equation traced on spatial coordinates leads to 

7eiCg(A) + {n- l)g(A) = (trg(A) K{X))K{X) - K\X) = o{X^), 
this contradicts the fact that ^ (7?.iCg(A) + (n - l)g(A)) (A = 0) + 0. □ 

The same construction together with the positive energy theorem for asymp- 
totically Euclidean manifolds (see e.g. [CM06j and references therein) provides 
the following counterexample for asymptotically flat Cauchy surfaces: 

Proposition 3.12 (Instability of the constraint equations on M"). Let S > 0, 

the constraint operator $r is not linearization stable at {W^,e,K = 0), where e 
denotes the Euclidean metric on W\ between the following spaces: 

where the spaces are defined (for symmetric 2-tensors) by 

Cl = {TeCL\T., = 0(r-"),9,,ry = 0(r-"-i), . . . ,di,-di,T,, = 0(r-"-'=), V e {1,2, ... ,n}} , 

r being the Euclidean distance from the origin. 
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Proof of Proposition \3.10\ Let To be a compactly supported traceless symmetric 
2-tensor. Define 

n-1 

V-, = A9%y-(l-i)a,a, 
then it is easily verified that the tensor defined as 



Ty = A (AToy) - (d^dja - ^Aa,5„ j - (9,?/;, + d, 



is a TT-tensor. We give now an example of non-trivial compactly supported 
TT-tensor obtained using this construction. Choose a symmetric matrix M 
with zeros on the diagonal and x smooth compactly supported function whose 
support is contained in SI and such that x = 1 on a compact K with non-empty 
interior. Define Tq = xT,k{^k)^^ ■ A simple calculation shows that on K, 

Tij = 24(n- 2)My + 0. 

□ 

Remarks : 

1. This construction looks rather non natural. The underlying idea is to 
pass to the Fourier transform. Then subtract to Tq an element of the 
form S^iipj + - ^(^ • '4>)5ij (which is the Fourier transform of C^tS). 
And finally clear the denominators which are of the form or |^|^ by 
multiplying by 

2. There exists other constructions of compactly supported TT-tensors in 
dimension 3: |Cor07) (based on Hodge duality) and pFOlj (using spherical 
harmonics). These constructions can lead to a parametrization of the set 
of compactly supported TT-tensors. 
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